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Abstract 

The main goal of this paper is to generalize Bohr's phenomenon from 
complex one-dimensional analysis to higher dimensions in the framework 
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1 Introduction 

In 1914 Bohr discovered that there exists a radius r 6 (0, 1) such that if a power 
series of a holomorphic function converges in the unit disk and its sum has a 
modulus less than 1, then for \z\ < r the sum of the absolute values of its terms 
is again less than 1. This radius does not depend on the function. 

Theorem 1.1 (Bohr, 1914) Let f be a bounded analytic function in the open 

oo 

unit disk, with Taylor expansion f(z) = ~^^a n z n convergent in the unit disk 

n=0 

oo 

and with modulus less than 1. Then \a n \ r n < 1 for < r < -|. 

This inequality known as Bohr's inequality is true for < r < -| and the constant 
■| cannot be improved. 

Originally, this theorem was proved for < r < i but soon improved to the 
sharp result. In Bohr's paper [30] his own proof was published as well as a proof 
by Wiener based on function theory methods. Later, S. Sidon gave a different 
proof (see [22]). 

Recently, several papers were published, generalizing Bohr's theorem to func- 
tions of n complex variables (see [5], [5T], pQ). Using the standard multi-index 
notations a :— (ai, c*2, a n ) S Nq with \a\ — ol\ + ... + a n , z := (z±, z n ), 
Zi e C, z— := z™ 1 Zj 2 . . . z% n , it is shown in [21] that if a power series J2 a CaZ— 
has a modulus less than 1 in the unit polydisc {(zi, z n ) : maxi<j<„ \zj\ < 1}, 

then the sum of the moduli of the terms is less than 1 in the polydisc of radius 
1 

3\/n ' 
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In [T5], the result shows the possibility to obtain a Bohr type theorem for 
monogenic functions in the ball in the Euclidean space R 3 with the additionally 
condition /(0) = 0. It is shown that for r < 0.047, the inequality is satisfied. 
The main purpose of this paper is to check if this theorem can be extended to 
all monogenic functions with |/(x)| < 1 in -Bi(O). 

Having in mind the analogy to the one-dimensional complex function theory 
we want to know if the result can be proved for a ball in the Euclidean space 
and not for a polydisc. It is not the goal here to find a sharp estimate for the 
most general class of functions. 

2 Preliminaries 

Let {eo, ei, e2, 63} be an orthonormal basis of the Euclidean vector space R 4 . 
The vector eo is the scalar unit while the generalized imaginary units ei,e2, e3 
satisfy the following multiplication rules 

e > e i + e j e ' = -2iyeo, i,j = 1,2,3 
e e 4 = e^o = , i = 0,1,2,3. 

This non-commutative product generates the algebra of real quaternions de- 
noted by H. The real vector space R 4 will be embedded in H by identifying 
a := (ao, ai, a 2 , 03) £ R 4 with the element 

a = a e + oiei + a 2 e 2 + a 3 e 3 e H, 

where a, (i — 0, 1,2,3) are real numbers. Remark that eo = (1,0, 0,0) T is the 
multiplicative unit element of H and by identifying eo with 1, it will therefore 
neglected in the following notation. 

The real number Sea := ao is called the scalar part of a and Veca := 
aiex + a 2 e 2 + ^363 is the vector part of a. Analogously to the complex case, 
the conjugate of a is the quaternion a := ao — aiei — a 2 e 2 — 0363. The norm of 
a is given by |a| = (0^ + af + a\ + a^) 1 ^ 2 and coincides with the corresponding 
Euclidean norm of a, as a vector in R 4 . Considering the subset 

A := spem R {l,ei,e 2 } 

of H, the real vector space R 3 can be embedded in A by the identification of 
each element x = (xq, x\, x 2 ) € R 3 with the reduced quaternion 

x = x + Xiei + x 2 e 2 € A . 

As a consequence, we will often use the same symbol x to represent a point in 
R 3 as well as to represent the corresponding reduced quaternion. Note that the 
set A is only a real vector space but not a sub-algebra of H. 

Let us consider an open set 17 C R 3 with a piecewise smooth boundary. An 
H-valued function is a mapping / : £1 — > H such that 

/(x) = /o(x) + / 1 (x)e 1 + / 2 (x)e 2 + / 3 (x)e 3 , 

where the coordinates fi are real-valued functions defined in Q. For continuously 
real-differentiable functions / : £1 — ► H, the operator 

D = d XQ + eid Xl + e 2 d X2 (1) 



2 



is called the generalized Cauchy-Riemann operator. We define the conjugate 
generalized Cauchy-Riemann operator by 

D = d Xa - e x d Xl ~ e 2 d X2 . (2) 

A function / : fl C R 3 — > H is called left (resp. right) monogenic in f2 if 

Df = in n (resp.,/L> = in Q). 

From now on we only use left monogenic functions. For simplicity, we will 
call them monogenic. The generalized Cauchy-Riemann operator |T]) and its 
conjugate @ factorize the Laplace operator in R 3 . In fact, it holds 

A 3 = DD = DD 

and implies that any monogenic function is also a harmonic function. 

From now on, we will consider the following notations: B :— -Bi(O) is the unit 
ball in R 3 centered at the origin, S = dB its boundary and da is the Lebesgue 
measure on S. In what follows, we will denote by L 2 (S; X; F) (resp. L 2 (B; X; F)) 
the F-linear Hilbcrt space of square integrable functions on S (resp. B) with 
values in X ( X = R or A or H), where F = H or R. For any /, g G L 2 (S; A; R) 
the real-valued inner product is given by 

(f,g) L2{s) = J s Sc(Jg)da. (3) 

Each homogeneous harmonic polynomial P n of order n can be written in 
spherical coordinates as 

P n {x) = r n P n (uj), LOGS, (4) 

its restriction, P n (ui), to the boundary of the unit ball is called spherical 
harmonic of degree n. From Q, it is clear that a homogeneous polynomial 
is determined by its restriction to S. Denoting by H n (S) the space of real- 
valued spherical harmonics of degree n in S, it is well-known (see [3] and |16j ) 
that 

dimHn(S) = 2n+l. 

It is also known (see [3] and [IS]) that if n ^ m, the spaces TC n (S) and Tt m (S) 
are orthogonal in L2{S; R; R). 

Homogeneous monogenic polynomial of degree n will be denoted in general 
by H n . In an analogously way to the spherical harmonics, the restriction of H n 
to the boundary of the unit ball is called spherical monogenic of degree n. We 
denote by M n (M; F) the subspace of L 2 {B; FJ; F) n ker D{B) of all homogeneous 
monogenic polynomials of degree n. Sudbery proved in [17] that the dimension 
of A4 n (H;H) is n+ 1. In [5], it is proved that the dimension of A^„(H;R) is 
An + 4. 

Consider, for each n £ No, a basis : v = 1, dim A^„(H; F)} of 

A4 n (H;F), F = H or F = R. Taking into account that the coordinates of 
are harmonic, for arbitrary n, k = 0, 1, we have 

(H^, ^fe )l 2 (B;H;F) = ^ n ' k n + fc + 3 H k) L 2 (S-M;¥) 1 (^) 
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3 Homogeneous Monogenic Polynomials 

Based on the Fueter variables zj = X\ — e\XQ and Z2 = X2 — ^2X0, several systems 
of homogeneous monogenic polynomials are constructed and used for different 
purposes (see, e.g., [3J U EH H2 HZ])- Following [12], being 7 = (71,72) a 
multi- index with 71+72 = n, the generalized powers (or also Fueter polynomials) 
of degree n are defined by 



z? 1 x z 



72 _ 



zi x zi x • • • x zi xz 2 x z 2 x 



x z 2 



1 y 



71 times 
Z, 



72 times 



where the sum is taken over all permutations ■ ■ ■ , «n) of (1, ■ • ■ , 1, 2, • ■ ■ , 2) 

71 72 

The general form of the Taylor series of a monogenic function / : Q, C M 3 — ► E 
in the neighborhood of the origin (see, e.g., (HQ2|) is given by 



n=0 |7|=n 



(6) 



where — 



7l ! 72 



d£^/(x) 



S M are the Taylor coefficients. 



In order to prove a collection of inequalities related to Bohr's inequality, we 
need also the Fourier expansion of monogenic functions. 

In ([5] and [5]) R-linear and H- linear complete orthonormal systems of El- 
valued homogeneous monogenic polynomials in the unit ball of M 3 are con- 
structed. The main idea of these constructions is based on the factorization of 
the Laplace operator. We take a system of real-valued homogeneous harmonic 
polynomials and apply the D operator to get systems of H- valued homogeneous 
monogenic polynomials. To be precise, we introduce the spherical coordinates, 



xq = r cos (/, x\= r sin u cos <p, x-i = r sin a sin ip, 

where 0<r<oo, < 8 < n, < <p < 2ir. Each point x = (xo,Xi,X2) £ 
admits a unique representation x = rw, where for each i = 0, 1, 2 Wi = ^ and 
|w| = 1. Now, we apply for each n £ No, the operator to the homogeneous 
harmonic polynomials, 



fr n+i TT {) r n+ij-Tm n+ly m _ i , i -i 



(7) 



formed by the extensions in the ball of the spherical harmonics (considered, e.g., 
m PI), 



U° n+l {6, V ) = P n+1 (cos8) 

U™H%<p) = F n m +i(cos0)cosm^ 

V£.x%<p) = P™ +1 (cos 9) sin mp,m=l,. ..,»+!. 



(8) 
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Here, P n +i stands for the Legendre polynomial of degree n + 1, given by 



Pn+i(t) — J]] a-n+i,k t n+1 



-2k 



k=0 



{ Po(t) = l, f e (-1,1), 

with 

( r) k 1 (2n + 2-2fc)! 

" +1 ' fc 1 ; 2™+ 1 fc!(n+l-fc)!(n+l-2fc)!' 

where [s] denotes the integer part of s € K. Also, we stipulate this sum to be 
zero whenever the upper index is less then the lower one. 

The functions P™ + i are called the associated Legendre functions, 

im 

P ™ +1 (t):=(l-t 2 r/ 2 —P n+1 (t), m=l,...,n+l. (9) 

We remark that if m = 0, the corresponding associated Legendre function P° +1 
coincides with the Legendre polynomial P n +i- 

Notice that the Legendre polynomials together with the associated Legendre 
functions satisfy several recurrence formulae. We point out only some of them, 
which will be used several times in the next section. Following [2], Legendre 
polynomials and associated Legendre functions are solutions of a second order 
differential equation, called Legendre differential equation, given by 

(1 - t 2 )(P™ +1 (t))" - 2t(P r T +1 (t))' + ((„ + l)(n + 2) - ™ 2 y^) i^i(t) = 0, 

m = 0, ...,n+ 1. They also satisfy the recurrence formula 

(1 - t 2 )(Pn+i(t)Y = (n + m + l)P-(t) - (n+ l)tP™ +1 (*). (10) 
m = 0, n + 1. An additional and useful identity is given by 

P™(i) = (2m-l)!!(l-; 2 r /2 , (11) 

m = 1, n + 1. 

These functions are mutually orthogonal in Lz{[— 1, 1]), 

1 P^ +1 (t)P^ +1 (t)dt = 0,n^k 



+i 
l 



and their norms are 



1 2 (n + l + m)! 

j 2n + 3 (n + 1 - to)! 



(P» m +1 ft)) 2 cft = o , o r - ( T ,m = 0,...,n+1. 



For a detailed study of Legendre polynomials and associated Legendre func- 
tions we refer, for example, [2] and [T5] . 
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Restricting the functions of the set ([7]) to the sphere, we obtain the spherical 
monogenics 



~D)(r n+1 UZ +1 ) 



r=l 



Dj (r n+1 U™ +1 ) 
d) (r n+1 V™ +1 ) 



(12) 



m=l,...,n+l. 



For each n € No, taking the monogenic extensions of the spherical monogenics 
into the ball, we obtain the set of homogeneous monogenic polynomials 



{r n Xl r n X™, r n Y™ : m = 1, 



!}• 



(13) 



We need norm estimates of our functions in terms of its Taylor and Fourier 
expansion are needed. In this way, we begin now to write the homogeneous 
monogenic polynomials in Cartesian coordinates. In parts, these results were 
already obtained in [13] and [14] , without proof. 

Lemma 3.1 The homogeneous monogenic polynomials r"X^(Z = 0, 1, ...,n+l) 
in terms of Cartesian coordinates can be written as: 

r» X< (x) = [r n X< (x)] + [r n X l n (x)]i ej + [r" X l n (x)} 2 e 2 , 

where 



[r n X l n (x)] = Y,^Mn + l-2k-l)xZ- 2k - l r 2k Y,(-iy( 2j )xi 

fc=0 j=0 \ J/ 

[I] 

+ ± /9Uia* (2*) X r 2 - 2k - 1 ^ ± { -iy Q x [-^4 



1-23 2j 



'" {■>;)■' 

k=l j=0 

"+*-' ] [£] 



rx^x)]! = /3n + i,^(2fc)< +1 ^ 2fe - i r 2( ' £ - 1) E(- 1 ) J+1 

fe=l j=0 



2.7 



r z — 1 1 



2 < +1 " 2fc -V 2fe J2(-l) j+1 (l )(l-2 j )x[- 2 i- 1 X V 

k=0 j=0 \ 3/ 

J-2j 2j+l 



^ ( x)] 2 = x: tow^^T^iiR^ 

[ " + !-' ] [I] 

fc=o i=i 



k 1 /2n + 2 - 2k\ fn+ 1 - fc 



^ = (-D^^ + ;_-'^'"' fe -;(»+ 1-2% 

and (n + 1 — 2fc);_i stands for the Pochhammer symbol. 
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Proof. Let us consider the spherical monogenics given by (|12p , explicitly de- 
scribed in (JSJ). By the definition of the Legendre polynomials we have 

m [Ss± ^ ] 

p nUt) = |E a «+^ fl+1 ~ 2fe = £ a »+^(" + 1 - 2fc ) « (n+1 - afc) - x . 

fc=0 fc=0 

Now, derivating recursively in order to t (I — 1) times, 

d l t P n+1 (t) = pV +1 {t) 
[Ss± r 1=L] 

J2 a n+hk (n + 1 - 2k){n + 1 - 2k - 1) ■ ■ ■ (n + 1 ~ 2k ~ (l ~ 1)) t^ 1 - 2 ^- 1 . 

fc=0 

By simplicity, we set 

0n+i,l,k = 2(n + 1 - 2fc)(n + 1 - 2fc - 1) • • • (n + 1 - 2k - (I - 1)), 
so that, finally we get for © the expression 

[l+lzil 



P^ +1 (cos0) = J2 2 Pn+ij,k (sin6) 1 (cos 6) n+1 ~ 2k - 1 . 

In order to express the set {X l n : I = 0, 1, n+ 1} in cartesian coordinates, we 
consider the coordinate's relation: 

a x o Xl 
cos = — cos ip = — ^=^= 

r y/ x \ + x\ 



. a V x l+ X 2 ■ x 2 
sin = — sin ip — 



\J X \ + x l 



Now, using 

cos(m(/?) 



3=0 

and substituting in (|12p we obtain 



E(-1) J '( 2 ^.) (cos^ (sin^ 



n +l-2fc-i Jt U y| * \ /-2j 2j 



2j 



^1 ^2 



Applying the hypercomplex derivative (^-D) to this expression carries our poly- 
nomials in Cartesian coordinates, respectively. _ 



Similar results holds for r n Y™ m = 1, ...,n + 1). Let us consider now the 
following function: 

Definition 3.1 Let i,j G No. The function g^j is given by 

{1, if i and j have the same parity 
, if i and j have different parity 
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Proposition 3.1 The Taylor coefficients of the homogeneous monogenic poly- 
nomials r n X l n {l = 0, 1, ...,n + 1) are given by 



[a l ah = gi, n g au i g a2 ,o P n+hli n=i E^ 1 ^ 

J=0 



I 

2j 



a 'a\l — 9l-l,n 9l-X,ax 9a 2 ,Q 
l+l l 

p-1 



E Pn+l,l,p{ 2 P) 
p=l 



E(-!) j+1 



Z 

2j 



f3 n +l,l,p \ : ,, 



p=0 



P 



E 



Z 

2.7 



+ 3 



n-l + l 

(/-2jl( ^ , ^ 



a aj2 — 3/-l,n ffaa.l 

p-1 

^=±+p 



E(-!) J+1 



2j 



E A 



n+1 I j — n — l 



z 



j+1 ' 2 ;. i (2.) 



p=0 v - / j = i 

Proof. The proof follows directly from Lemma 13.11 by applying the partial 
derivatives d%^d"%.— 

Again, we obtain analogous formulae for the Taylor coefficients of r n Y™ (m = 

Corollary 3.1 Let 7 = (71,72) &e a multi-index with \j\ — n. The Taylor 
coefficients a®, a™ and b™ of the homogeneous monogenic polynomials r n X®, 
r n X™ and r n Y™ satisfy the following inequalities: 



, n , 1 / s . /7r(n + 1) 

"41 * 



l<l < A(n + 1)! 



7r(n + l)(n H 


-1- 


f m)\ 


2(2n + 3)(n- 


f 1 


— m)\ 


7r(n + - 


-1- 


fm)! 


2(2n + 3)(n- 


f- 1 


— m)! 



m.= l,...,n + l. 



Proof. Let B r (x) C R 3 be a ball of radius r centered at x. From [TT] we know 
the Cauchy integral formula for the ball i?i(x), 



/(*) 



1 f x y 



47rJs |x-y| : 



n(y)/(y)d5 y , 



(14) 
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where n stands for the outward pointing normal unit vector to S at y. For 
simplicity we just present the proof for the homogeneous monogenic polynomi- 
als r n X™ (to — l,...,n+ 1). Applying the Cauchy integral formula to these 
polynomials in the ball B and taking partial derivatives with respect to x\ and 
a?2, we get 



1 



1 1 



- 7 j a xi a x a A n W| x =o ~ 7 i 47r 



911911 



n(y)X™(y)d% 



x=o 



taking the modulus and applying the Schwarz inequality we finally obtain 



I m*l ^ 1/ ,M / 7r / . (n + l + ?n)! 

a™ < (n+1 !W- (n+1 f— (y, 

— 7! y 2 (n + 1 — to)! 

where a™'* denotes the Taylor coefficients associated to the functions X™. The 
previous inequality is based on [S\ where the following relation is proved 



X 



n \\L 2 (S) 



= II Y 



n \\L 2 (S) 



'n. .(n + l + m)! 
2 (n + 1 — m)! 



and on the paper |26 | where it was obtained that 



82] d2 2 - 



< 



(n + 1)! 



L 2 (S) 



|n+2 



Using the relation ([5|) we get the Taylor coefficients associated to the homoge- 
neous monogenic polynomials r n X™. The case m = is proved analogously. _ 



Besides norm estimates we also need pointwise estimates of our basis poly- 
nomials. 

Proposition 3.2 For n S N the homogeneous monogenic polynomials satisfy 
the following inequalities: 



|r"X°(x)| < r"(n + l)2 r 



|r"A"(x)| < r 



Tr(n + 1) 
2n + 3 



/tt (n + 1) (n + l + m)! 
1 + J V 2 (2n + 3) (n + 1 -to)! 

y 2 (2n + 3) (n + 1 — to)! 



m = l,...,n + l. 



Proof. Again, we prove only the case of the polynomials r n X™ (to = 1, n + 
1), the proof for r™ Y^ 71, being similar. We write these polynomials as a Taylor 
expansion ^ 

r"X™(x) = £ (z? 1 xz^)a™. 

|7|=n 

Consequently, modulus of r™ A™ leads to 



|r"X™(x)| < r w (n+l)!4 



'tt (n + 1) (n + l + m)! 2" 
2 (2n + 3) (n + 1 -to)! nl 
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Having in mind [12] we have 

|z? xz?|< r n 
for every multi-index 7 = (71, 72) with j = n. 



For future use in this paper we will need estimates for the real part of the 
spherical monogenics described in (|12p . 

Theorem 3.1 Given a fixed n G No, the spherical harmonics 

{Sc{X°},Sc{X™},Sc{Y™} : m=l,...,n} 

are orthogonal to each other with respect to the inner product 

Proposition 3.3 Given a fixed n S No , the moduli of the spherical harmonics 
Sc(X®), Sc(X™) and Sc{Y™) satisfy the following inequalities 

|Sc{<}| < l = 0,...,n 

\Sc{Y n n\ < 1 ~ {n+1 + m) \ m=l,..,n. 

Proof. According to the results from [5] , the real parts of the spherical mono- 
genics are given by 

Sc{X°} = A^{8) 
Sc{X; n } = A m > n {6)cos{mLp) 
Sc{K™} = A m ' n (6)sm{m<p), 

where 

A l ' n {6) = \ [sin 2 6j t [P l n+1 (t)] t=cos6 + (n + l)coseP l n+1 (cos9)^ ,1 = 0, ...,n. 

For simplicity sake we only present the proof for the spherical harmonics Sc(X™) 
(m = l,...,n+ 1). Making the change of variable t — cosO and using the 
recurrence formula (fT0|) . it follows that 

Sc{X™} = ±(n + l + m)P™(t). 

Applying the modulus in the previous expression and using the inequality proved 
in PJ] 

< 

for — 1 < t < 1 and n > m, we finally obtain the estimate 

1 (n + 1 + m)! 



|Sc{A™}| < 



2 n! 



Some of the basis polynomials described in (JT3J) play a special role. Applying 
results from ([5], Proposition 3.4.3) we get: 



10 



Proposition 3.4 For n € No, the spherical monogenics X™ +1 and Y™ +1 are 
given by 



yn+l 
yn+l 



-C" l+1 '"cosn(^ei + C n+1 > n sinnipe 2 
-C n+1 ' n sinnip ei - C n+1 ' n cosmpe 2 



(15) 



wh 



ere 



C 



n+l,n 



n+ 1 1 



2 sin0 rl+1 

and i/ieir monogenic extensions into the ball belong to kerD(B) n kerD(B). 



Remark 3.1 The spherical monogenics A™ +1 and Y™ +1 are monogenic con- 
stants, i.e, monogenic functions which depend only on X\ and x%. Moreover, 
they play the role of constants with respect to the hypercomplex differentiation 
(iD). 

Proposition 3.5 Given a fixed n S No , the spherical harmonics Sc(X" +1 ei) 
and Sc(Y,™ +1 ei) are orthogonal to each other with respect to the inner product 
and their moduli satisfy the following inequalities 



\sc{x: +i ei }\ < 



Sc{K„" +1 ei}| < - 



l(n+ l)(2ra + 1)! 
2 2™n! 
1 (n + l)(2n+ 1)! 



2 n nl 



Proof. Again, we present the proof for the spherical harmonics Sc{A" +1 ei}, 
the one for Sc{Y^ +1 ei} being similar. According to (jTSJ) , the real part of the 
spherical harmonic X™ +1 ei is given by 



Sc{A™ +1 ei } = C n+1 > n 



cos nip. 



Making the change of variable t = cosO and applying the modulus in the previous 
expression, we get 



|Sc{J£+ l ei }| = 



n+l 



1 



and due to the recurrence formula (|11|) we finally obtain 



isc{A: +i ei }| = 



n+l 



(2n + !)!!(! -t 2 )~ 



< -(n + l)(2n+ 1)!!. 



Proposition 3.6 Given a fixed n £ No , the norms of the spherical harmonics 
Sc{X°), Sc(A") and Sc(Y™) are given by 



||Sc(X°)|| MS) = (n + l)yC^ 



and 

\\Sc(X' n 



\L 2 (S) 



|Sc(r„ m )|| L 



2(S) 



7T (n + 1 + m) (n + 1 + m) ! 
2 (2n+l) (n-m)! ' 



m = 1, n. 
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Proposition 3.7 Given a fixed n £ Nq , the spherical harmonics Sc(X™ +1 ei) 
and Sc(Y" +1 ei) are orthogonal to each other with respect to the inner product 
(0) and their norms are given by 

llScpC+iex)!!^) = IIScC^eOHL^s) = \ yf^ + l)(2n + 2)!. 



4 Bohr's Theorem 

We will denote by X®'* , ... the normalized basis functions in L2(S; H; H). 

Theorem 4.1 (see Let M n (M. 3 ;A) be the space of A-valued homogeneous 
monogenic polynomials of degree n in M . For each n, the set of In + 3 homo- 
geneous monogenic polynomials 

{V2n^r n X°'\V2r7+Sr n X^'*,V2n~T3r n Y^ n '*, m = l,...,n+l} (16) 

forms an orthonormal basis in M n (M. 3 ;A). 



In [IS], a first version of a quaternionic Bohr's theorem was considered, 
therein we restricted ourselves to the case of functions with /(0) = and we 
obtained an estimate in terms of a radius of r = 0.047. 

Here, we extend our result to all monogenic functions with |/(x)| < 1 in B, 
estimating a value for the radius. 

Theorem 4.2 Let f be a square integrable A-valued monogenic function with 
|/(x)| < 1 in B, Sc{/} be positive and let 

oo ( n+1 ^ 



71=0 



m—1 



be its Fourier expansion. Then 



]T y/2,7+3 r r ' 



n=0 



n+1 



X° n <*a° n + J2 \Xl 



n n 



< l 



ZioZcfc m i/ie 6aH of radius r, with < r < 0.05. 



Proof. According to Theorem 14. 11 a monogenic /^-function / : C K 3 
can be written as Fourier series 



A 



n+1 



71=0 



where a° , a™ and /3™(m = 1, n + 1) are the associated Fourier coefficients. 
Let us denote by Sc{/} the real part of /. Then, 



Sc{/} = 



/ + / 



E 

71 = 



^/2^T3 r" Sc{X° n *}a° n + V [Sc{X™>*}< + Sc{r™<*}/3™ 



m—1 
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Due to Remark 13. 11 we split the function / in the following way 

oq ( n 

+ ^ / 2^+3 r n X°>*a° n + £ [X™>*c% + C'^ffl 

71=1 I 771—1 . 



+ £ % /2^+3 r n + y: +i '*p: 



rn+1,* an+l~\ 

n=l 

Based in this spliting, we introduce 



+ Y m '*B r ' 

1 n A^r; 



A = iy|ag + f:V^+3r4xra° + ^ 

n— 1 ^ m=l 

~ ' ~ n— 1 

so that / = /i + /a* Then, we have 

/(0) = /i(0) + / 2 (0) 

where 

/■(») = 

Let us assume that there exists < 5 < 1 such that |/i | < 5 and < 1 — 5. 
In this way, the modulus of / is preserved. We start now to study the function 
f\. The main idea is to compare each Fourier coefficient with the coefficient ajj. 
In fact, multiplying both sides of the expression 

Sc{5-/ 1 }=5-Sc{/ 1 } (17) 



by each real part of the homogeneous monogenic polynomials described in fTe 
and integrating over the sphere, we get these relations. For simplicity we just 
present the idea applied to the coefficients of X®'*, i.e, a° . Multiplying both 
sides of the expression (fTT)) by Sc{XjP} and integrating, we obtain 

-V2fcT3 a° k = [ Sc{5 - fi}Sc{X%}da 
Js 

with < S < 1. Now, applying the modulus we obtain finally 



In an analogous way, we can state the following results: 



(18) 



L 2 (S) 



|Sc{Y*}| L 1/3 
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With some calculations and, using the Propositions 13 .61 and 13 .31 we finally obtain 
|Sc{X°}| < 1 (2fc + l) 



||SC{X«}|| 2 L2(S) " 27T k + 1 

\Sc{X p k }\ \Sc{Yg}\ ^ l (2fc+l)(fc-p)! _ 



\\Sc{Xi}\\l 2(s) IIScTOIIW) (k + l+ P )k\ 

Finally, the previous expressions can be rewritten 

|aJ|V2* + 3 < -L^-I^j) 

2 (2fc+l)(fc-p)! (. 1 [3 ' 



Consequently, we can state the following inequalities: 

|X°'*||a£|V2fc + 3 < ^(2r) fe (2fc+l)U-~^a°j 

^|xril<|^+3 < A (2r )*( 2 fc + l)^-iy|V) 
^|r^*||^|^fc + 3 < -^(2r) fe (2fc+l)^-^a°j. 
Now, using the previous inequalities we end with 

i rr °° r n 

l/il < -^-a° + ^^r" |X^||a°|+^(|X^*|K| + |y-'*||/3-|) 

n— 1 L m— 1 

* ^ + ^( s -^)|(W» + i). 



Thus, we have that 



\fl\<S => ^jT(2r)"(2n+l)<l, 



and, the last series is convergent for r < 0.05. In the same way, we can study 
the function fa. Let 

oo 
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Multiplying / 2 in the right side by ei we get 



h ■= h e i 

CO 

n=l 

We want to apply the same idea previously used for /i . Taking in consideration 
that / is an A- valued function, we obtain an estimate for the coefficient Qq. In 
a similar way, we obtain an estimate for (3q if we multiply fi at right by e2. 
This leads to the inequalities 

i«riv5*+3 < 2J1 |Sc{ fc T ei 2 }l U-*)- 1 -^) 

" V 3 HSc^ex}!!* } ^ 2V ^ 7 



being 



|Sc{x£ +1 ei }| 



|Sc{iT +1 ei}| 



||Sc{X fc fc+1 ei }||£ a(s) HScjF^e!}!!^^ 



< 



7r2 n (n+ 1)!' 



Consequently, we have proved: 

l^ +, '*e,l|ar 1 |v^T3 < 



With the previous inequalities we get 



I/2I = I/2I < 



1 /3 1 



(1-5) 



1 /3 



2 V 7T 



'0 E- 



Finally, we end with 



|/ 2 |<l-5 



. OO 

4 x-^ r 



3tt ; n! 

71= 1 



and, the last series is convergent for r < 0.56. Finally, 

n+l 



n=0 

converges for < r < 0.05. 



< 1 
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